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It is pointed out that the Ferrell-Glover-Tinkham sum rule relating the “missing area” in the low frequency conductivity to
the penetration depth can be violated in certain superconductors..Its breakdown indicates that the effective mass of the carriers
changes in entering the superconducting state, and implies a change in the conductivity at frequencies much higher than the
superconducting gap, possibly near infrared or visible. The model of hole superconductivity predicts the occurrence of this

phenomenon.

The conductivity sum rule [1] for a system of N,
electrons in a solid,

T ne?N,
ldwax(q,w)=—2m—, (1)

is expected to hold quite generally, for arbitrary tem-
perature and wavevector ¢, provided the integral is
carried out to infinite frequency. Here, the mass m
is the bare electron mass. This rule is anchored in
basic principles of quantum mechanics and ex-
presses the physical fact that at sufficiently high
energies electrons will be insensitive to both elec-
tron—ion and electron—electron interactions and re-
spond as free particles.

In the early days of BCS theory it was noted [2]
that the opening of the superconducting energy gap
would reduce the optical absorption at frequencies
below twice the value of the gap (corresponding to
far infrared or microwave frequencies). To preserve
the sum rule eq. (1), Ferrell, Glover and Tinkham
(FGT) [3] proposed that this “missing area’ in the
infrared conductivity would show up as a é-function
at zero frequency. In the superconducting state,

o1s(@)=Dd(w) +071F(w) (2)

with the weight D determined by the sumruleeq. (1):

D= [ dolon(@)-ou@)]=54, 3)
o+

where the indices n and s denote normal and super-
conducting state, and 84 is the “missing area”. A
Kramers—-Kronig relation implies [3] that the J-
function contribution to o, gives rise to a 1/w con-
tribution to the imaginary part of the conductivity
(0x(w)=2D/mw), or equivalently to a London
kernel

[+

D 1
KL:?—:E’

(4)

with A, the London penetration depth. This ex-
presses the physical fact that a lossless response im-
plies perfect diamagnetism. Thus, from eqs. (3) and
(4) it was argued that the missing area at low fre-
quencies that occurs due to the opening of the su-
perconducting energy gap provides an independent
measurement of the penetration depth. Such a “con-
sistency check” is still used nowadays by experi-
mentalists [4] as a test on the validity of indepen-
dently measured infrared conductivity and
penetration depth.

The purpose of this paper is to point out that this
argument (in a strict sense) does not hold in a cer-
tain class of superconductors, and that its break-
down leads to a novel experimental prediction: the
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optical conductivity will be modified at frequencies
far above the energy scale set by the superconducting
energy gap when such a superconductor enters into
a superconducting state.

Consider a single band tight binding model with
electron kinetic energy

T=- Y ti(clcythe)= Y Ts, (5)
Py 3

where c{, creates an electron of spin ¢ at Wannier
orbital i. We assume for simplicity nearest neighbor
hopping only, in directions denoted by J. A “partial”
conductivity sum rule can be derived by restricting
the Hilbert space to the states in this band and yields

[5]:

re’al
242

[ doo#qw=252 1) (6)
4]

Here, { ) denotes expectation value and wy, is a high-
frequency cutoff that is above all optical transitions
involving states in this band but excludes transitions
to other bands. a; is the lattice spacing in direction
. For an almost empty band at zero temperature and
in the absence of electron-electron interactions, eq.
(6) reduces to eq. (1), with m replaced by the band
mass m*. Similarly for an almost full band one also
obtains eq. (1), with N, replaced by the number of
holes; note, however, that the full sum rule eq. (1)
is not particle-hole symmetric. Note also that in gen-
eral the right-hand side of eq. (6) will depend on the
interactions in the system as well as on temperature.

The FGT argument using the sum rule eq. (6) now
leads to

nelal

D=8AI+W

[<_T5>s—<—TJ>n]a (7)
where we denote by 84, the missing area for fre-
quencies involving only states in this band:

s4,= | dolow(w)-on(w)]. ®)
0o+

In general fiw,, will be much larger than the super-
conducting energy gap. In the usual experimental
setups the maximum frequency is restricted to a few
times the energy gap, where a,, and g, have become

equal. Thus, the “missing area™ corresponds to the
one given by eq. (8). Equation (7) then indicates
that if there is an appreciable change in the carrier
kinetic energy on entering the superconducting state,
the assumed connection between low-frequency
missing area and penetration depth or low-frequency
05, (@) breaks down. Such a change will occur in sys-
tems where the effective mass of the carriers is dif-
ferent in the normal and superconducting states.

Conversely, if it is experimentally determined that
the penetration depth disagrees with the value ex-
pected from the low-frequency missing area, the
global sum rule eq. (1) indicates that there is miss-
ing (or excess) area somewhere else:

84, =D— 84, 9)
with D=¢?/(84%) and

Sy = | d0l01m(@)—0u(@)]. (10)

wm

This “high-frequency” missing area should occur at
energies involving transitions to other bands, i.e. of
order of at least fractions of eV in general. From eq.

(M,

2,42
By = 22 [(=To>e=<(=Todal s (11)

s0 that its existence indicates that the carriers change
their kinetic energy on entering the superconducting
state. Figure 1 shows schematically the expected be-
havior of the real part of the conductivity in the nor-
mal and superconducting states, as well as the two

G, (w)

Fig. 1. Real part of the conductivity in the normal (solid lines)
and superconducting (dashed lines) states (schematic). The
missing areas from intra-band (84,, diagonally hatched) and in-
ter-band (84, horizontally hatched) transitions are shown as
separate contributions to the /~function at zero frequency.
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contributions to the d-function at zero frequency.

In the model of hole superconductivity [6] pair-
ing is driven by the gain in kinetic energy that occurs
when two holes are nearby. The kinetic energy for
holes is given by eq. (5), with ¢}, a hole creation op-
erator, and

tg:tij+(At)ij(ni,—d+nj,—a) > (12)

with n,,=cl,c;,. The second term in this equation
gives rise to a four-fermion operator term, i.e. an in-
teraction, in eq. (5). Nevertheless it is easily verified
that the proof [S5] of the sum rule eq. (6) goes
through unchanged when the hopping amplitude has
the operator dependence given by eq. (12). The fol-
lowing treatment parallels the analysis of the Lon-
don penetration depth in this model given in ref. [7].

Denoting by #, and Af the amplitudes ¢; and (At),
between nearest neighbors, the average kinetic en-
ergy is given by

(Ts)=—(ty+nAt) 3, {clisosCicthec.)
—2At Y [{eloel _a> {Ci—oCinso> Thec]

=(T5+(T$">, (13)

within a Hartree~Fock decoupling. This expression
is in fact exact in the low density limit. The density-
dependent correction to the hopping #, in the first
term in eq. (13) (» is the number of holes per site)
arises from the “normal” Hartree-Fock decoupling
of the interaction term. The “anomalous” expecta-
tion values in the second term in eq. (13) are of
course only non-zero in the superconducting state.

Equation (11) yields for the “high frequency”
missing area

2a2
8y = 222 [(=T5>s = (=Tl

2,2
ne’a}
2h?

Explicit calculation shows that the single-particle
contribution to the kinetic energy is essentially un-
changed in going into the superconducting state.
Thus, 84, is given by the “anomalous” contribution
to the kinetic energy expectation value, (75>
The “low-frequency” missing area is given by

-+

(=T3>. (14)

c? ne’a}
8= T Kis+ =255 (=T5>n, (15)

where K ; is the paramagnetic London kernel arising
from the real part of the current-current correlation
function. In the clean limit it is given by [7]

32re’aj(t, +nAt)? o . , ( af)
K]J— hzcz ;Sln k‘s aEk 5 (16)

with E, the quasi-particle energy and f the Fermi
function. As T—0 it goes to zero, while for 7= T it
exactly cancels the kinetic energy expectation value
ineq. (15).

Finally the expectation values in eq. (13) are given
by

(T5y=—=2(t, +nAt) Y, cosk;
k

x(l— 6kE—ﬂ (1—2f(Ek))), (17a)
4At A, A
(TS =— ~ ,; (cos ks +cos k) 2—E"—-k zé‘kl
X (1=2f(Ex))(1-2f(E, ) , (17b)

with ¢, the band energy (with hopping (#,+nAt)),
4, the usual BCS gap function, x the chemical po-
tential and N the number of lattice sites.

There is a range of parameters in the model of hole
superconductivity that give rise to properties that
appear to be in agreement with various experimental
observations in high-T, oxides [6]. For illustration
we consider here a two-dimensional model, with
parameters

U=5¢eV,

V=0.65¢eV,

At=0.47eV,

=0, (18)

where U and V are on-site and nearest-neighbor
Coulomb repulsions. The choice #,=0 is motivated
by the fact that for low hole concentration the high-
T, oxides show activated behavior in the resistivity;
we will show below also results for ¢, 0, which are
qualitatively similar. We assume a flat density of
states for simplicity, g=1/(8(¢,+nAt)). We have
checked that results are very similar using the two-
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dimensional tight-binding band structure in the low-
density range of interest, as was also found in pre-
vious work [6]. We use a fixed chemical potential
when varying the temperature. In the superconduct-
ing state, we find the number of particles to be es-
sentially unchanged with temperature when the
chemical potential is kept fixed. In the normal state
a weak variation of density with temperature occurs
when the chemical potential is kept fixed; however,
such a variation is not unphysical and may in fact
explain various observations in the normal state of
high-T, oxides [8,9].

Figure 2 shows the expectation values of the ki-
netic energy operators plotted versus temperature for
various hole densities. Note the sharp change in the
total kinetic energy when the system becomes su-
perconducting. It can be seen that the single-particle
part of the kinetic energy { 75> indeed remains con-
stant when entering the superconducting state. Thus
we have simply from eq. (14)

22
ne“as
242

We also show 84, given by eq. (15). Note that both
low and high frequency missing areas approach zero
linearly as T approaches T.. For 84, this is easily
understood from eq. (17b), which is proportional to
the square of the gap amplitude; for 84, this is the
well-known behavior of the London paramagnetic
kernel. For calibration of the magnitude of these
quantities, note that for free electrons with density
n. the full kinetic energy expectation value would be
(T5>/N=0.52n, eV for lattice spacing a=2.7 A (the
O-0 planar distance in high-7,. oxides). Thus the
oscillator strengths implied by fig. 2 are of order 1%
of the total oscillator strength due to the electrons in
this band.

It can be seen from fig. 2 that the high-frequency
missing area becomes dominant for low hole con-
centration. In fig. 3 we show the behavior of the
missing areas versus hole concentration, as well as 7,
versus #. The same information is contained in the
results reported for the various contributions to the
London penetration depth in ref. [7]. For low hole
concentration all the missing areas increase with n,
since they are given by the product of the various pair
mobilities [7] and the hole concentration. At higher
n the high-frequency missing area decreases as the

84, = (=T3S . (19)
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Fig. 2. Average kinetic energy per lattice site vs. temperature for
various hole densities, for parameters in eq. (18). Full line: total
kinetic energy < 7;) (eq. (13)); dashed line: single particle con-
tribution (T5), eq. (17a). Note that (T5) is essentially tem-
perature independent. The difference between the full and dashed
lines gives the pair contribution eq. (17b), which is proportional
to 84y. The dash-dotted line is obtained by adding to the single
particle contribution the paramagnetic kernel term (seeeq. (15)),
and it proportional to 84,. The kinetic energy per site for nN car-
riers with free electron mass would be —0.047 eV, —0.068 eV
and —0.016 eV for cases (a), (b) and (c) respectively.

coherence length monotonically increases [10] and
the importance of pair hopping processes is reduced.
For the parameters of eq. (18), at the maximum 7,
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84, dominates the total missing area and hence the
London kernel. However, this will vary with other
parameters in the model. In fig. 3(b) we show an
example with #,#0 where the low- and high-fre-
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Fig. 3. Average kinetic energy per lattice site at zero temperature
vs. hole concentration. Parameters are: (a) U=5 eV, V'=0.65
eV, At=0.47 eV, 1,=0; (b) U=5 eV, V=0.56 eV, Ar=0.45 eV,
t,=0.03 eV; (c) U=5¢eV, V=0, At=0.19 eV, 1,=0.03 eV. Full
line is total kinetic energy, dashed and dash-dotted lines give sin-
gle particle and pair contributions (eq. (17)). (Free electrons
would yield a straight line with slope 0.52 for assumed lattice
spacing. ) As I, increases or as ¥ and At decrease, the relative con-
tribution of the pair kinetic energy decreases. The behavior of T
vs. hole concentration obtained from solution of the BCS equa-
tion is also shown (dotted lines, right scale).

quency missing areas give comparable contributions
at the maximum 7. Finally, fig. 3(c) shows an ex-
ample where the low-frequency missing area domi-
nates at all hole densities. However, we do not ex-
pect this parameter range, with V=0 and ¢, #0, to be
realistic for the high-T oxides. Note also that the to-
tal missing area varies slower than proportional to n
at intermediate values of n» when V#0, an effect dis-
cussed in ref, [7] that arises from the behavior of the
pair mobility as a function of the single-particle hop-
ping amplitude.

It is also interesting to consider the extreme strong
coupling regime of this model, where holes are lo-
calized in the normal state and become mobile in the
superconducting state [11], which will occur if
(t,+ nAt) becomes zero for finite »n. In that case there
is no low-frequency missing area since there is no in-
tra-band optical absorption in the normal state. There
is, however, a finite London penetration depth de-
termined by the pair mobility, and hence high-fre-
quency missing area.

One may ask whether the features discussed here
are unique to the model of hole superconductivity.
For example, does one expect in the attractive Hub-
bard model [12] a change in the average kinetic en-
ergy with temperature? In the weak coupling regime
(|U| < t) no such change is expected, similarly as
we found for (75> in the model discussed here. In
the strong coupling regime (|U|>>t) pre-formed
pairs exist above T,, with kinetic energy propor-
tional to #2/| U|; while the average kinetic energy will
change at higher temperature when the pairs disso-
ciate, one would not expect a change at low temper-
atures associated with the transition to the super-
conducting state. Thus in either regime no sharp
changes in { T5) should occur upon entering the su-
perconducting state in this model, and hence no
change in the high-frequency conductivity.

There have been other models proposed recently
where the kinetic energy of carriers may change upon
pairing [13,14] and thus one may expect conse-
quences similar to the ones discussed here. We are
not aware of explicit calculations for these models
that address this question [15].

In summary, we have pointed out that in certain
superconductors the usual relation between conduc-
tivity missing area in the frequency range of the su-
perconducting energy gap and London penetration
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depth or low-frequency imaginary conductivity will
not hold. The difference between these quantities and
their value expected from the low-frequency missing
area is due to a change in the carrier kinetic energy
and thus signals the existence of a kinetic pairing
mechanism. Furthermore, this difference should
show up at frequencies much larger than the super-
conducting energy gap, of order of the energy scale
for optical transitions to other nearby bands, hence
probably in the near infrared or visible range. The
model of hole superconductivity provides an explicit
realization of this scenario and yields predictions for
the temperature and doping dependence of the var-
ious observables. Since the carriers become more
mobile in the superconducting state the model pre-
dicts a reduced absorption (and consequently in-
creased reflection) at high frequencies. At low fre-
quencies, electromagnetic absorption in this model
follows conventional BCS behavior (some differ-
ences occur at low hole concentration due to the nar-
rowness of the band); explicit calculations are re-
ported in ref. [16].

It is interesting to note that in the early days of su-
perconductivity (pre-BCS) a change in high-fre-
quency conductivity was in fact expected and sys-
tematically looked for [17~19], as it was thought that
superconductors might be “particularly good reflec-
tors of high-frequency radiation” [18]. No such
change was reportedly found to within about 0.3%
for “conventional” materials such as tin and lead.
The considerations here suggest that it may be prof-
itable to renew this search, particularly in materials
with high transition temperature. For the high-T ox-
ides, experimental evidence for a “high-frequency”
missing area has recently been reported [20] in near-
infrared absorption experiments on YBa,Cu;0,_,.

Note added in proof: a more detailed recent analysis
shows that the change in high-frequency conductiv-
ity can have considerably more structure than sug-
gested by fig. 1 (to be published).
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